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H-CLOSED QUASITOPOLOGICAL GROUPS
SERHII BARDYLA, OLEG GUTIK, AND ALEX RAVSKY
Abstract. An H-closed quasitopological group is a Hausdorff quasitopological group which is contained
in each Hausdorff quasitopological group as a closed subspace. We obtained a sufficient condition for a
quasitopological group to be H-closed, which allowed us to solve a problem by Arhangel’skii and Choban
and to show that a topological group G is H-closed in the class of quasitopological groups if and only if
G is Raˇıkov-complete. Also we present examples of non-compact quasitopological groups whose topological
spaces are H-closed.
One of the functions of a theory is to establish a correspondence between outer relations of an object
with other objects and inner properties of the object. Now we proceed to concrete objects from general
topology and topological algebra.
Further we shall follow the terminology of [5, 10, 14]. In this paper term “space” means a Hausdorff
topological space.
If Y is a subspace of a topological space X and A ⊆ Y , then by clY (A) and intY (A) we denote closure
and interior of A in Y , respectively. By R, Q and N we denote the set of real, rational, and positive integer
numbers, respectively.
It is well known that a compact space X is a closed subspace of any Hausdorff space which contains X .
So we define a Hausdorff space X to be H-closed provided X is a closed subspace of any Hausdorff space
which contains X . So H-closedness is an outer relation of a space. But it turned to be equivalent to an
inner property of a space.
Theorem 1 ([14, Exercise 3.12.5], [2], (announcement in [1] and [3])). For a Hausdorff space X the
following conditions are equivalent:
(1) the space X is H-closed;
(2) for every family {Vs : s ∈ S} of open subsets of X which has the finite intersection property the
intersection
⋂
{clX(Vs) : s ∈ S} is non-empty;
(3) every ultrafilter in the family of all open subsets of X converges;
(4) every open cover {Us : s ∈ S} of the space X contains a finite subfamily {Us1 , Us2, . . . , Usn} such
that clX (Us1) ∪ clX (Us2) ∪ · · · ∪ clX (Usn) = X.
A regular space is H-closed if and only if it is compact, but there exists a non-regular H-closed space
(see [1]).
A semitopological group consists of a groupG and a topology τ on the set G such that the group operation
· : G × G → G is separately continuous. A semitopological group with continuous inversion inv : G →
G : x 7→ x−1 is called a quasitopological group. Also, a semitopological group (resp., a quasitopological
group) with continuous group operation is called a paratopological group (resp., a topological group).
We shall say that a semitopological group G is H-closed in a class of Hausdorff semitopological groups
S if G is a closed subgroup of every semitopological group H ∈ S which contains G as a subgroup.
A topological group which is H-closed in the class of all topological group is called absolutely closed. A
topological group G is absolutely closed if and only if it is Raˇıkov-complete, that is complete with respect
to the two-sided uniformity which is defined as the least upper bound L ∨ R of the left and the right
uniformities on G [19]. Recall that the sets {(x, y) : x−1y ∈ U}, where U runs over a base at unit of G,
constitute a base of entourages for the left uniformity L on G. In the case of the right uniformity R,
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the condition x−1y ∈ U is replaced by yx−1 ∈ U . The Raˇıkov completion Gˆ of a topological group G
is the completion of G with respect to the two-sided uniformity L ∨ R. For every topological group G
the space Gˆ has a natural structure of a topological group. The group Gˆ can be defined as a unique
(up to an isomorphism) Raˇıkov complete group containing G as a dense subgroup. There is the following
inner characterization of Raˇıkov completeness formulated by the neighbourhood language: a topological
group G is Raˇıkov complete iff each fundamental filter F on G converges. We recall that a filter F on a
topological group G is called fundamental, provided for each neighbourhood U of the unit e of the group
G there exists a member F ∈ F such that FF−1 ∪ F−1F ⊂ U [25].
Characterizations and investigation methods H-closed paratopological groups in the class of abelian
paratopological groups turned out to be closely related with that for minimal Abelian topological groups
[7], [8], [20] and [21] (in particular, with famous Prodanov and Stoyanov Theorem about precompactness
of such groups). Following classics, Banakh formulated the following conjecture: An Abelian topological
group G is H-closed in the class of paratopological groups if and only if G is Raˇıkov complete and nG is
precompact for some natural n, where nG = {na : a ∈ G}. The conjecture is proved for some classes of
abelian topological groups. For instance, it holds for a group (G, τ) for which there exists a σ-compact
subgroup L of G such that G/L is periodic and there exists a group topology τ ′ ⊂ τ such that the Raˇıkov
completion Gˆ of the group (G, τ ′) is Baire (see [21, Proposition 17]). Also the conjecture is true if (G, τ)
is countable, or divisible, or characters of the group (G, τ) separate its points and (G, τ) is Cˇech complete
or periodic [6].
Also, we remark that the problem of the closure of a group in topological and semitopological semigroups
was discussed in the books [12, Vol. 1] and [24]. Some new results on this topic can be found in [16] and
[15].
In this paper we obtained a sufficient condition for a quasitopological group to be H-closed, which
allowed us to solve a problem by Arhangel’skii and Choban and to show that a topological group G is H-
closed in the class of quasitopological groups if and only if G is Raˇıkov-complete. We present examples of
non-compact quasitopological groups whose topological spaces are H-closed. Also we show that a regular
semitopological group with a dense paratopological group is a paratopological group.
We need the following proposition from [5]:
Proposition 2 ([5, Proposition 1.4.13]). Let G be a quasitopological group and H be a subgroup of G.
Then closure clG(H) of H in G is a subgroup of G.
We remark that the closure clG(H) of a subgroup H in a paratopological group (and hence in a semi-
topological group) G is not necessary a subgroup of G (see: [5, Example 1.4.17]).
By Ellis’ Theorem [13] every locally compact semitopological group is a topological group.
Proposition 3. Every locally compact topological group G is a closed subgroup in any quasitopological
group which contains G as a subgroup.
Proof. Suppose thatG is a locally compact subgroup of a quasitopological groupH . Then by Theorem 3.3.9
from [14], G is an open subset of the closure clH(G). Now, Proposition 2 implies that the closure clH(G)
is a subgroup of the quasitopological group H , and hence clH(G) is a quasitopological group. Since
every left or right translation in the quasitopological group clH(G) is a homeomorphism of the topological
space clH(G) we get that hG is an open subset of clH(G) for each element h in G. This implies that
clH(G) \ G =
⋃
h∈clH(G)\G
hG is an open subset of the quasitopological group H , and hence G is a closed
subset of the space clH(G). 
Remark 4. We observe that a counterpart of Proposition 3 does not hold for paratopological groups,
because there exists a Hausdorff paratopological group which contains the discrete group of integers as a
non-closed subgroup (see [21, Lemma 3 or Proposition 5]).
Proposition 5. Every regular semitopological group which contains a dense paratopological group is a
paratopological group.
Proof. Suppose that a paratopological group G is a dense subgroup of a regular semitopological group H
and W is an open neighbourhood of the unit e of the group H . Then the regularity of the space H implies
H-CLOSED QUASITOPOLOGICAL GROUPS 3
that there exists open neighbourhood U of the unit e in the space H such that clH(U) ⊆W . Since G is a
dense paratopological subgroup of H , there exists an open neighbourhood V of the unit e in the space H
such that
(V ∩G) · (V ∩G) ⊆ U ∩G.
Now the separate continuity of the group operation in H and Theorem 1.4.1 from [14] imply that x ·
clH(V ∩G) ⊆ clH(U ∩G) for every x ∈ V ∩G, so
(1) (V ∩G) · clH(V ∩G) ⊆ clH(U ∩G).
Next, if we apply similar arguments to formula (1) then we obtain
clH(V ∩G) · clH(V ∩G) ⊆ clH (clH(U ∩G)) = clH(U ∩G).
Then Theorem 1.3.6 of [14] implies that clH(V ∩G) = clH(V ) and so
V · V ⊆ clH(V ) · clH(V ) ⊆ clH(U) ⊆W.
This implies the continuity of the group operation in H . 
Propositions 5 and 2 imply
Theorem 6. A topological group G is H-closed in the class of regular quasitopological groups if and only
if G is absolutely closed.
The following example shows a counterpart of Proposition 5 does not hold for non-regular Hausdorff
quasitopological groups.
Example 7. Let R2 be the direct square of the additive group of real numbers. Let α be an arbitrary
irrational number. Then the line L(α) = {(x, y) ∈ R2 : y = αx} has the unique point (0, 0) with two
rational coordinates. Also this property has the line L(−α) in R2. Put L = (L(α) ∪ L(−α)) \ {(0, 0)}.
We define a topology τ on the group R2 in the following way. The family
B = {Uε = Bε \ L : ε > 0} ,
where Bε = {(x, y) ∈ R
2 : x2 + y2 < ε2} is a usual ε-ball in R2, is the base of the topology τ at the neutral
element (0, 0) of R2.
It is easy to check that:
(a) (R2, τ) with coordinate addition is a quasitopological group;
(b) the induced topology from (R2, τ) onto Q2 coincides with the usual topology on Q2, and hence Q2
with the coordinate addition is a topological subgroup of (R2, τ);
(c) (R2, τ) is not a regular topological space;
(d) (R2, τ) is a functionally Hausdorff space (a topological space X is called functionally Hausdorff if
for arbitrary distinct point x and y in X there exists a continuous map f : X → [0, 1] such that
f(x) = 0 and f(y) = 1) and hence is Hausdorff.
No we are going to formulate a sufficient condition for a quasitopological group to be H-closed in the
class of quasitopological groups. We shall call a quasitopological group G Cauchy completty if each Cauchy
filter F on G with an base consisting of its open subsets, has a limit point. A filter F on a quasitopological
group G we shall call Cauchy filter, provided for each neighbourhood U of the unit e of the group G there
exists a member F ∈ F such that yU ∩Uy ∈ F for each point y ∈ F [9]. Theorem 1 implies that if G is a
quasitopological group which is an H-closed space, then G is Cauchy completty. From the other side we
have a following
Proposition 8. Every Cauchy completty quasitopological group G is H-closed in the class of quasitopo-
logical groups.
Proof. Suppose to the contrary that there exists a Cauchy completty quasitopological group G which is
not H-closed in the class of quasitopological groups. By Proposition 2, without loss of generality we
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can assume that there exists a quasitopological group H which contains the group G as a dense proper
subgroup. Fix an arbitrary x ∈ H \G. Put
F = {Vx ∩G : Vx ⊂ H is a neighbourhood of the point x in H}.
The family F is a filter on G with a base
{Vx ∩G : Vx ⊂ H is an open in H neighbourhood of the point x}
which consists of open subsets of the space G. We claim that F is a Cauchy filter. Indeed, let U be an
arbitrary open neighbourhood of the unit e of the group G. There exists a symmetric open neighbourhood
V = V −1 of the unit e of the group H such that V ∩ G ⊂ U . A set F = xV ∩ V x ∩ G is an element of
the filter F . Let y be an arbitrary point of F . Since y ∈ xV we have that x ∈ yV −1 = yV . Similarly, the
inclusion y ∈ V x implies that x ∈ V −1y = V y. So a set yV ∩ V y is an open neighbourhood of the point
x in the space H . Then a set yV ∩ V y ∩ G is an element of the filter F . Since y ∈ G we conclude that
yV ∩ G ⊂ yU and V y ∩ G ⊂ Uy. Therefore yV ∩ V y ∩ G ⊂ yU ∩ Uy ∈ F . Hence F is a Cauchy filter.
Since the group G is Cauchy completty, the filter F has a limit point x′ ∈ G. Since x 6∈ G we get that
x 6= x′. The Hausdorffness of the space of the quasitopological group H implies that there exists an open
neighbourhood Vx of the point x in H such that x
′ 6∈ clH(Vx). Hence x
′ 6∈ clG(Vx ∩ G) which contradicts
the following conditions: Vx∩G ∈ F and x
′ is a limit point of filter F . The obtained contradiction implies
that the quasitopological group G is H-closed in the class of quasitopological groups. 
Arhangel’skii and Choban in [4] proved that each Cˇech-complete quasitopological group is H-closed
in the class of quasitopological groups. Since each Cˇech-complete semitopological group is a topological
group (see [11] or [23]), and each Cˇech-complete topological group is Raˇıkov complete (see [5, Theorem
4.3.7]) this suggested Arhangel’skii and Choban to pose a problem about H-closedness of Raˇıkov complete
topological group in the class of quasitopological groups. The next corollary is a positive answer to this
problem.
Corollary 9. A topological group G is H-closed in the class of quasitopological groups if and only if G is
Raˇıkov complete.
Proof. The implication (⇒) is trivial.
(⇐) Suppose that G is a Raˇıkov complete topological group. By Proposition 8 it suffices to show that
the topological group G is Cauchy completty. For this purpose it suffices to show that each Cauchy filter
F on the group G is fundamental. Let U be an arbitrary neighbourhood of the unit e of the group G.
Since G is a topological group, there exists a neighbourhood V of the unit e of the group G such that
V V −1 ∪ V −1V ⊂ U . Since F is a Cauchy filter, there exists a member F of the filter F ∈ F such that
such that yV ∩ V y ∈ F for each point y ∈ F . Fix an arbitrary point y ∈ F . Then we get
(yV ∩ V y)(yV ∩ V y)−1 ∪ (yV ∩ V y)−1(yV ∩ V y) ⊆ (V y)(V y)−1 ∪ (yV )−1(yV ) ⊆ V V −1 ∪ V −1V ⊆ U,
and hence the filter F is fundamental. 
Remark 10. We observe that in the paper of Arhangel’skii and Choban [4] there proved that a Cˇech-
complete quasitopological group is H-closed. It is obvious that our Proposition 3 is a simple consequence
of this fact. We present this proposition because it has a short proof with the nice idea.
A family B of open subsets of a topological space X is called pi-base of X if for every open subset G of
X there exists B ∈ B such that B ⊆ G [17].
Proposition 11. Let (G, τ) be a Cauchy completty quasitopological group, (G, σ) be a quasitopological
group, σ ⊃ τ , and the space (G, σ) has a pi-base, consisting of open subsets of the space (G, τ). Then
(G, σ) is a Cauchy completty quasitopological group.
Proof. Let F ′ be a Cauchy filter on the group (G, σ) with a base B′ ⊂ σ. Put B = {int(G,τ)(F
′) : F ′ ∈ B′}.
Since the space (G, σ) has a pi-base which consists of open subsets of the space (G, τ), a set int(G,τ)(F
′) is
non-empty for any set F ′ ∈ B′. Therefore B ⊂ τ is a base of a filter F on G. Since int(G,τ)(F
′) ⊂ F ′ for each
member F ′ of the base B′ of the filter F , we have that F ′ ⊂ F . Then the conditions τ ⊂ σ, F ′ ⊂ F and
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F ′ is a Cauchy filter on the group (G, σ) imply that F is a Cauchy filter on the group (G, τ) too. Since the
base B of the Cauchy filter F consists of open subsets of the space (G, τ) and the group (G, τ) is Cauchy
completty, we conclude that there is a limit point x0 of the filter F in the space (G, τ). Let U = U
−1 be
an arbitrary symmetric neighbourhood of the unit of the group (G, σ). Since F ′ ⊂ F and F ′ is a Cauchy
filter on the group (G, σ) we get that there exists an element F ∗ ∈ F such that yU ∩ Uy ∈ F ′ ⊂ F for
each point y ∈ F ∗. Fix an arbitrary y ∈ F ∗. Since x0 is a limit point of the filter F in the space (G, τ) we
have that x0 ∈ cl(G,τ)(yU ∩ Uy). Then y ∈ cl(G,τ)(x0U ∩ Ux0), hence F
∗ ⊆ cl(G,τ)(x0U ∩ Ux0). Since B is
a base of the filter F we get that there exists a subset F ∈ B ⊂ τ such that F ⊂ F ∗. Then we have that
F ∩ x0U ∩ Ux0 6= ∅. Therefore we see that an arbitrary open neighbourhood U(x0) ∈ σ of the point x0
intersects an element of the filter F and therefore the neighbourhood U(x0) intersects an element of the
filter F ′, too. Hence we get that x0 is a limit point of the filter F
′. 
We need the following facts from the paper [22] for the construction of a non-compact quasitopological
group G which is an H-closed topological space.
Two topologies τ and σ on the set X we call cowide provided for any nonempty sets U ∈ τ and V ∈ σ
the intersection U ∩ V is nonempty too. If a topology σ is cowide to itself then we call the topology σ
wide.
For two topologies τ and σ on the set X by τ ∨ σ we denote the supremum of the topologies τ and σ,
i.e., τ ∨ σ has a base {U ∩ V : U ∈ τ, V ∈ σ}.
Lemma 12 ([22, Proposition 18]). Let τ and σ be cowide topologies on the set X such that the space
(X, τ) is H-closed and the topology σ is wide. Then the space (X, τ ∨ σ) is H-closed too.
Lemma 13. If (G, τ) and (G, θ) are quasitopological groups, then (G, τ ∨ θ) is quasitopological group.
Proof. Fix arbitrary point x, y ∈ (G, τ ∨θ). Let U τ∨θ(xy) be an arbitrary open neighbourhood of the point
xy in the space (G, τ ∨ θ). Then U τ∨θ(xy) ⊇ U τ (xy) ∩ Uθ(xy) for some open neighbourhoods U τ (xy) and
Uθ(xy) of the point xy in the spaces (G, τ) and (G, θ), respectively. Then the separate continuity of the
group operations in (G, τ) and (G, θ) implies that there exist open neighbourhoods V τ (x) and V τ (y) of
the points x and y, respectively, in the space (G, τ), and open neighbourhoods V θ(x) and V θ(y) of the
points x and y in the space (G, θ), such that V τ (x)y ∪ xV τ (y) ⊆ U τ (xy) and V θ(x)y ∪ xV θ(y) ⊆ Uθ(xy).
We put V τ∨θ(x) = V τ (x) ∩ V θ(x) and V τ∨θ(y) = V τ (y) ∩ V θ(y). Then we get that
V τ∨θ(x)y ⊆ (V τ (x) ∩ V θ(x))y ⊆ V τ (x)y ∩ V θ(x)y ⊆ U τ (xy) ∩ Uθ(xy) = U τ∨θ(xy)
and
xV τ∨θ(y) ⊆ x(V τ (y) ∩ V θ(y)) ⊆ xV τ (y) ∩ xV θ(y) ⊆ U τ (xy) ∩ Uθ(xy) = U τ∨θ(xy).
Also for any open neighbourhoods U τ (e) and Uθ(e) of the unit e of the group G in the spaces (G, τ) and
(G, θ), respectively, we have that
(
U τ∨θ(e)
)−1
= U τ∨θ(e), where U τ∨θ(e) = U τ (e)∩Uθ(e). Hence (G, τ ∨ θ)
is a quasitopological group. 
Further on we present two examples of non-compact quasitopological groups which are H-closed spaces
with different ideas of constructions.
Example 14. Let T = {z ∈ C : |z| = 1} be the unit circle with the operation of usual multiplication of
complex numbers and Q be the additive group of rational numbers. Let s : T → Q be any surjective
homomorphism. Such a homomorphism can be build as follows. Let α ∈ R be an arbitrary irrational
number. Consider the injective isomorphism: α : Q → R, α : x 7→ αx and the standard homomorphism
q : R → T, q : x 7→ e2pixi. Then qα is an isomorphic embedding of a group Q into the group T. Put
H = qα(Q). Since H is a divisible subgroup of the Abelian group T, by [18, §23] H is a direct summand
of the group T. So the isomorphism (qα)−1 : H → Q can be extended to a homomorphism s : T→ Q.
For each positive integer n we put Un = {x ∈ T : |s(x)| > n}. It is easy to check that the family
{{x} ∪ (xUn) : x ∈ T, n ∈ N} is a base of a wide topology σ at the point x of the group T. Let τ be the
usual topology on T. Then the topological space (T, τ) is compact and therefore H-closed. Since each
subset Un is dense in (T, τ), topologies τ and σ are cowide. It is obvious that the space (T, τ ∨ σ) is not
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compact. Then Lemma 12 implies that (T, τ ∨ σ) is an H-closed space, and it is easy to check that (T, σ)
is a quasitopological group. Then (T, τ ∨ σ) is a quasitopological group too.
Example 15. Let the group (T, τ) be as in Example 14 and σ be the topology on T generated by the base
which consists of co-countable subsets of T. It easy to check that (G, τ) and (G, σ) are quasitopological
groups. Lemma 13 implies that (T, σ ∨ τ) is a quasitopological group. Next we show that (T, σ ∨ τ) is an
H-closed topological space. We remark that {A ∩ B : A ∈ τ, B ∈ σ} is a base of the topology σ ∨ τ on
T. Suppose that {Uα : α ∈ I } is an open cover of the topological space (T, σ ∨ τ) which consists of basic
open subsets. Then for every α ∈ I we have that Uα = Aα ∩ Bα, where Aα and Bα are elements of the
topologies τ and σ, respectively. Now, the compactness of the space (G, τ) implies that there exists a finite
subfamily {Aα1 , .., Aαn} in {Aα : α ∈ I }, such that
⋃n
i=1Aαi = G. Then the definitions of topologies τ
and σ imply that Uαi is a dense subset of Aαi in the topological space (T, σ ∨ τ) for any i = 1, . . . , n. This
implies that
⋃n
i=1 cl(T,σ∨τ) (Uαi) = G and hence by Theorem 1 (T, σ ∨ τ) is an H-closed topological space.
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